1. Fundamental Relation and Polar Forms

The derivation begins with the fundamental relationship between the functions
fqs Jrs and g:

fq(l.q’m)fk(xk7n):g(xqvxka nfm) (1)

The complex functions are expressed in their polar forms:

fQ(xmm) = Rq(.’qu,m)eiofl(mq»m) (2)
Jr(zp,n) = Rk(xk7n)eiok(1k,n) 3)
g(qu,CCk,t) = Rg(wq,xk,t) 0104 (xq,Tkt) (4)

2. Magnitude and Phase Equations

Substituting the polar forms into the main equation and separating the magni-
tude and phase gives two relations.

Ry(xq,m) Ri(xx,m) = Ry(xq, Ty 1 — M) (5)
Ok(zk,n) — Oy(zq,m) = Og(xq, T, n — M) (6)

Note: The phase relation (6) is taken as the starting point, as per your notes.
It results from defining the phase of the product f,fi as O — Oyq.

3. Analysis of the Base Case (m = n)

For the special case where m = n, the shift t = n — m = 0. The base functions
(at zero shift) are:

fa(2q,0) = gl " (7)
Fulxr,0) = ||kl e* (8)

where ||¢|| and ||k|| are the base magnitudes, and O, and Oy, are the base phases.
Setting m = n in equations (5) and (6), and using the zero-shift values
g(zq, 2k, 0) = fq(2q,0) fr(xk,0), we find the relationships for any shift m:

Rq(zq,m) Ri(wr,m) = Rg(xq, 21, 0) = ]|l %] 9)
Ok(xk., m) - Oq(xq,m) = Og(xq,xk, 0) =0 — Oq (10)

4. Deriving the Magnitude and Phase Functions

Magnitude

From equation (9), the product of the magnitudes is constant. The simplest
solution consistent with the base case definitions is that the magnitudes are



independent of the shift parameter m:

Ry(xg,m) = Ry(z4,0) = ||q]] (11)
Ry (xg, m) = Ry(zx,0) = ||k (12)

Phase

By rearranging the phase relation from (10), we get:
Oq(xq,m) — Oq = Ok(xk,m) — Ok

The left side depends only on (x4, m) and the right on (z), m). For this to hold
for all x4, zj, both sides must equal a function of only the common variable, m.
We define this common phase shift as ¢(m):

d(m) = Oy(zq,m) — Oy = Og(x, m) — Oy (13)

From this definition, we see that the base case is satisfied: ¢(0) = O4(x4,0) —
0, =0.

As shown in your notes, by setting n = m + 1 in the general phase relation
(6), we find that the difference ¢(m + 1) — ¢(m) is constant. This proves that
¢(m) is an arithmetic progression. The general form is ¢(m) = mO + ~. Since
we know ¢(0) = 0, the offset v must be zero. Therefore:

¢(m) = mO (14)
This gives the final forms for the phase functions:

Oy(zg,m) = Oy +mO (15)
Ok(xk,n) =0 +nO (16)

5. Final Solutions

From the preceding steps of the analysis, we established the forms for the mag-
nitude and phase of the functions.
For fy(zq,m):

e The magnitude is constant: Ry(zq, m) = ||q||.
e The phase is an arithmetic progression: Og(zq, m) = Of + mO.
Combining these gives the full expression for f,(zq,m):
fq(xq,m) = Ry(zg,m) e/Oaram) (17)
= ||g|| e"©@a*m®) (18)

We can separate the exponential term using the property e+ = e®e?:

fa(zq,m) = [lg| "0 e™® (19)



Now, we recognize that the term ||q||e’©« is simply the definition of the base
function at zero shift, which is represented by the complex vector ¢:

q = fy(2q,0) = |lql|e’ (20)
Substituting this definition back gives the final, compact form for f,:

fy(xq,m) = q&™® (21)

The exact same logic is applied to derive the form for fi(x,n):

fe(@r,n) = Ry(wy,n) e Okoem) (22)
= ||k e"(Or+nE) (23)
= (IIkl| ©*) ™ (24)

Defining the base vector k as k = fi(zx,0) = ||k||e!9, we arrive at the final
solution for f:

fi(x),n) = ke™® (25)



